APPENDIX B

Conditional moments in the generalized extreme
value family!

B.1. Intreduction

The discrete/continucus econometric systems derived in Chapter 1 have
the schematic form:

x=ZF +n )

where Z is a vector of attributes of the alternatives and of the decision-
maker, B’ is a vector of parameters that depend on the portfolio of appli-
ances i, and n is an unobserved random variabie whose density f(nl{)
depends in general on the observed choice i. The choice probabilities are
functions of Z, the parameters p‘, and other parameters o

P; = Prob( Portfolio i is chosen ) = G(Z, B!, B2, ..., p™, o) (2)
The likelihood of an observation (Z, {, x) is then:
Gz, B', B% ., B™, @) - flx — ZPi1i) (3)

Under standard regularity conditions, full information maximum like-
lihood (FIML) estimation of the parameters B!, ..., B, a will yield con-
sistent asymptotically efficient estimates, while maximum likelihood esti-
mation of the discrete-choice model alone will yield consistent, but not
usually efficient, estimates of the identifiable parameters.

In the course of the exposition, several theorems related to the independent form of the
generalized extreme value family, ie, the multinomial logit wodel, are derived.
Specifically, Corollary B.2.2 and Theorems B.3.3, B.4.1, B.4.2 and, B 4.3, which present the
conditional moments for the multinomial logit model, are stated in Dubin and McFadden
(1984). It should be further noted that Theorems B.3.3, B.4.1, and B.4.2 have been in-
dependently demonstrated by Hay (1980).
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218 Generalized extreme value family

The system (1)-(3) is a variant of the "hybrid model with structural
shift" analyzed in detail by Heckman (1978), and the estimators and pro- -~
perties he develops can be applied with straightforward modification. 3
This systém can also be interpreted as a "switching regression” with the
structure analyzed by Lee (1981), Goldfeld and Quandt (1973, 1976), - @
and Maddala and Nelson (1974). Note that (1) may be written: 4

il

x =Zp + E(Mli) +v @

=_§l Z3; B +EMmi)+v | (3
i=-

-3 ZPp+t \ . 6)

=1

where:

- . - L +m T
8;=1iff i=j, Emi)=f_ fidnadn

v=n-E@ml), §=n+Z_)".l.l(5ij—Pf)B"
£

Then EM1i)=0 and EE Z P)=0 for j=1,2,..,m. The choice 3
probabilities P; given by (2) and the conditional expectation E(nli) are
nonlinear functions of the parameters of the problem. Under specific dis-
tributional assumptions, these functions may have computationally tract- "3
able forms. For example, if the discrete choice is binary and determined
by a latent variable whose joint distribution with 7 is bivariate normal,
then P, is a probit function and E(nl{) is proportional to a Mill’s rati
evaluated at the mean of the latent variables; see Heckman (1978).
Alternatively, suppose the utilities of different portfolios have indepen
dent extreme value distributions with a common variance. The choice 3
probabilities are then multinomial logit; see McFadden (1973). The con- -3
ditional expectation £(nli) is a simple function of the choice probabili
ties and their logs; see Dubin and McFadden (1984).
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One method of estimating the parameters of (1) that is consistent

" under standard regularity conditions is to apply nonlinear least squares

& to (4) or (6). A second method is to replace E(nli) in (4) with a con-
§ sistent estimate obtained by first estimating the parameters of the choice
E probabilities. Heckman (1979) shows that this procedure is also con-
g sistent under standard regularity conditions, although the asymptotic
covariance matrices of the least squares coefficients obtained by this
f method differ from the standard formula due to the presence of
¥ estimated explanatory variables.2

' The purpose of this appendix is to establish basic results on the condi-
k. tional moments of generalized extreme value (GEV) random variables.
¢ This provides a useful generalization of the Heckman probit and the

b, Dubin-McFadden logit selectivity corrections by including a class of

. dependent multinomial probability models. We introduce the GEV dis-
f. tribution and discuss its properties. We then derive the first, second, and
& cross-conditional moments for GEV variables given that a specific alter-
b pative has been selected. Finally, we allow the random variable n in

& equation (1) to have a linear conditional expectation in the space of

' GEV random variables and derive its properties. These results provide

® the distributional framework for consistent two-step estimation tech-

i niques.

B.2. Conditional moments in GEV

i":‘:The following theorem due to McFadden (1978) introduces a general
¢ - family of GEV choice models.

k. Theorem B.2.1. [McFadden]. Suppose G(y, ¥, .-, ¥;) is a nonnegative,
. homogeneous of degree one function of (yy, 3, ..., ¥5) 2 0. Suppose
e limy, . Gy, V2, - Yi) = oo fori =1, 2, ..., J. Suppose for any dis-
tinct (i, iy, ..., i) from {1, 2, ..., J}, 8G/dy;, ..., 8y, is nonnegative if k
is odd and nonpositive if &k is even. Then:

Pi = er G,‘((?V', . eV’)/G(eV', ey eVJ) (7)

% 2A third estimation technique applies the method of instrumental variables to (1) using
: oonsrstent estimates of the choice probabxlmes as instruments. Consistency and efficiency of
sthe various procedures are considered in Chapter 5.
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defines a choice model that is consistent with random utility maximiza-
tion.

Proof Theorem B.2.1 is proved in two steps. The first step demonstrates
that the function:

F(gs, €2, ..., ey =expl — G(e™, ™™, ..., ™) ] (8)

is a multivariate extreme value distribution. The details may be found in
McFadden (1978).

The second step assumes a population of individuals with utilities
u; = V; + g;, where (g, &, ..., &) is distributed F. Let € denote the vec-
tor (g;, €2, ..., &7). Then:

P; = Problu; > uj, Vi 1§ # j]
=ProblV; + ¢ 2 V; +g;, Vi | i #jl 9
may be written:
+co
S FA<Vi+ s~ Vj>) de (10)

where F; denotes the derivative of F with respect to its ith argument,
and <a;> denotes a vector with jth component a;. From (10) and the
deﬁmlmn of the GEV distribution, we have:

+o
P; = f_“ exp[ *—G[<e'("""*‘“‘v")>]] Gil<e W+ ">] 7" dg;

+o0
- f_w e Gil<e">1exp [ ~Gl<e">1- eV e“‘“] ds;

v
Gil<e'’>1 oV

T Gl<e¥>1 QED. (1n
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The second equality in equation (11) uses the fact that G is homo-

geneous of degree one and the implication that G; is homogeneous of
degree zero. The third equality makes use of the result:

400
f_w e expl—0! e *l dg = 87! (12)

which follows from the substitution u — —0e".
Corollary B.2.1. [Multinomial Logit Modell. Let:

Vit

J
Glyl=I[Y y}/*P. Then: P;=—
P2

Proof. This result is found in McFadden (1978). One need simply verify
the linear homogeneity of G and apply equation {1}. Q.E.D.

McFadden shows that if g;—+eo \j | j # i, then equation (2) implies,
Flg;) = expl—a; ¢™¢], where a; = G[0, ..., 0, 1, 0, ..., 0]; with one in the
ith coordinate. Under the assumptions of Corollary B.2.1, the marginal
distribution, Flg;], is expl—e™%] (note a; = 1); the cumulative distribu-
z'gm for an extreme value distributed random variable with variance

/6.

McFadden’s proof of Theorem B.2.1 may be modified to demonstrate
that:

Fleyney, ... &)1 = exp[ — Gl<e > 1] (13)

is-a mulivariate extreme value distribution. Application of (4) implies
the probabilistic choice system:

P; =" Gil<e""®>1/ Gl<e">] (14)

In this case, the marginal distribution for &; becomes expl—a;e 5],
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which is the cumulative distribution function for an extreme value distri-
buted random variable with variance (n2/6) 6* .3 When:

J
Gl<y,>1= 3 y
j=1

equation (14) implies choice probabilities of the multinomial logit form.
Furthermore, ¢; has mean y0 and variance (1/6) n%0?. More generally, €;
will have mean u and variance (1/6) n°6% when:

_expu/®) | &
Glyi, y2, - W1 exp(y) :—21 g

Let 8;(¢) be an indicator random variable that is 1 when j is the
chosen alternative, i.e., when V; +¢; > V; + ¢, Vi 1i# j,and 0 other-
wise. We write 8; as a function of £ to emphasize that it is a random
variable whose outcome, conditioned on the V; ’s, depends on the reali-
zation of &. Lemma B.2.1 presents the conditional moments.#

Lemma B.2.1. Let £ be GEV distributed with cumulative distribution
function F(g) given by equation (13). Let g(-) be an arbitrary real-valued
function. Then:

(@) E(g(e)15,(e) = 1) = E(g(e)ie ~ EVI® (In G| — In Py), 8])

where EVIa,b] denotes an extreme-valued distributed random variable
with location parameter a and scale parameter b.

(b} Let G be additively separable with G(y) = GA(y*) + y, where
y = (34, y,) and where G“4(-) is homogeneous of degree one. Let € have
the corresponding partition, i.e., € = (8%, &;). Then:

3The random variable g has the properties: Elg] = &y +1na) and Varled =
(1/6) I°@, where v = .5772156649 - - - is Euler’s constant.

4Note that without loss of generality, it suffices to consider the expressions E(g18, = 1}
and E(g;!5, = 1) rather than the more general expression E(g;18; = I) for i = j and for
i
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E(e218,(e) = 1)

Gl<e"®>]

T GAl<e! P> ]

E [g(sz)laz ~E V[O,G]]
- P, E [g(s;)lez ~ EVI-6 (In P), e]] ]

Proof.

(a) We make use of the properties of conditional expectations. Recall:

f_ym J; S vy dx dy

= Problx€4, Y < yl

= ProblY < ylx€A] Problx€A] (15)
Thus:
Problx €4]! L . S5, »)x = flyixen) (16)
Equation (16) implics:

E(Yixed) = fy y f(yIx€A) dy

— Problxeal! fy fx o, VIt ) dx dy (17)

As an application of (11) we find:
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E(g(e)id{ey=1)
1 r* Vi=Vite V=V e,
= S LT [ s dF )

] oo
-3 j;__m g Fil<e+ vV, — V;>1ds
1 r= —/0 —~(s+V V) ] ]
P, J;__m g(e) e G1[ < e >

exp[ —Gl< g EH-Ve >]] %

- L /0 7] l
P, J;__“g(s)e Gll <e ">

exp‘ —Gl<e?>] g5/ e‘V'/a] %

Let 0, = Gl<e"®>]e7"# and 0, = G,{<e"”®>]. Then:

E(g(e)18:(g} = 1)

2 = /8 —e07 dE
= P, f_ _8@®e expl-8, e %] o
92 = de
- — . —(8—8 k:)le — —(8—0 klw et
P, 6, f_ﬂ gle)e expl—e I o

= E(g(e)le ~ EVIO 1n 9y, O]) (18)
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where k{ = In 9; and EVla,b] denotes an extreme value distributed ran-
dom variable with location parameter ¢ and scale parameter b, ie.,
F.lt] = expl—et-2¥5],

From equation (14), 0,/0;, = G;/0; = P;. Hence In 6, = (In G; - In
P)), so that substitution in the final equality of (18) proves the claim.

(5) E(g(en)!di(e) = 1)

1 +e Vi—Vte, Vi—Vitg
= P_l Epm—rc J::z-—eo T .I;J.._.,, 3(52) dF(a)

= PL1 f:«- J;::ﬂ g(ex) -

Fsley, g3, Vi—Vitey, ..., Vi—Vi+el de; dg

+oo

$eo
- PL[ fsz——-oo L2+V1_._VI 4 (82) :

Fu[S], €7, VI—V3+81, ey VI—V]‘HB;] dﬁl d82 (19)

From equation (13):

F(e) = exp[ ~ G[<e“"’°>]l (20)

- exp[ - G“[<e““f"°>]] - expl—e~?]

so that:

Fie) = exp[ — GAl<e5> ] I Gli<e™R>] g % (21)
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- expl—e—4%] ¢~/ —:-)-

Hence:
Fiy(ey, &, Vi-Vatey, ..., Vi—VitE)

=i+ V=8
=expl— GAe™® , <¢ ¢ >11-

—Vi+V;—&
Gile™ < © > 1P % exp[ —e‘a”s] e =/ %

= exp[ —e~ Vil . GA[< V> ] l .
G{l<e?P>] ¢ % - gxpl—e5/®] ¢/ Tl)— Thus (22)
E(g(e21d(e) = 1)

Gil<eV®>] =
= L . J;z__w 3(32) e—ezle exp[—e's’m] .

Py
. de; de
_ €8 V0 —~A vi/o —&./0 __L __2
fs;+Vz—V, exp[ e B g Gil<e >]] et 2L =
B "ITIGIA— J;z__a, g(&) e~ expl—e~/] -

—e— ¥V
— | de
[ l—expl—Bi‘ e ° | ]] —92
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where 8 = ¢~V G4[<e"/*> ). Thus:
E(g(e)18,(e) = 1)

Gil<e’?®>]
= ITQG_A_ E(g(e)e; ~ EVioeDh
1 1

GA [ <8V'/0> ] oo _

-8 — V¥ ¥ d £

8 1= (23)

expl-0{ e 5

But:

L)
0

J;z-—,, g(e;) e expl—e=* - 0,]
- QL E [3(82)‘52 ~ EVi91n 0, 0]
2
where we define 6, = (1 + ¢""9®. 9). Hence:

E(g(e)18,(e) = 1)

Gil<e"®>] _
P;-0{

E [g(ez)laz ~ EVIO, 91]

- BL, -E [g(32)|82 ~ EVI81n 6, B]] I (24)
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Note that G{I<e"”®>] = G,[<e""®>] implies:

Gll<e”®>1  Gil<e"®>1"0 Gl Vi®

Py - of GAl<e"®>1P,  GAl<e

>1]
Viffs

(25)

Also:

0, = [ 1+ e‘V“V”’B] Bf = [ 1+ ¢4 G"{<e”f’9>]]

- e[ e 4 GAL<EM>1| = N Gl<e P> ] 26)

Furthermore, G»/0; = P, and G; = 1 imply:

e V:/8 1

—e__ __1_p 27
Gl<e"®>] 6 2 @7

Combining equations (25) and (27) with equation (24), we find:

E(g(e2)184(8) = 1)

_ Gi<e"®>] |
GAl<e"®> ]

E ’g(52)182 ~ EVI0, 91]

- P, E [g(ez)l g, ~ EVIO1n 6,, 91] ] (28)

From equation (27) we have:

1]1928111 Gz—ln P2==—1n Pz (29)
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Combining (28) and (29) with (27) proves the claim.  Q.E.D.
As an application of Lemma B.2.1 we have:

Theorem B.2.2. Let £ be GEV distributed with cumulative distribution
function F(g) given in (13). Then:

(@) E(g)18y(e)=1)=0(y+InG—InPy)

(b) E@E€18,(e)=1)=/6) 2+ (y +In G, —In P\)?

Let G be additively separable with G(v) = G4(»?) + y, where y =
(", ¥,) and where G4(") is homogeneous of degree one. Let € have the
corresponding partition, i.e., € = (¢*, €;). Then:

Gl<e"®>]
© E@ldi(e) =)= vy - [a-Pyy+P.in Py
_ Gl<e"®>]
(d) E(B%Isl(e) 1)— GA[<eV'/9>]

[ = P2 (r-in P2 + (1-P ¥6) |

Proof.

(a) Using Lemma B.2.1 (a) with g(€) = &, we have:

E(g;184(g) = 1)= E(gle ~ EVI0 (In G, — In Py), 0])

=0(y+InG; —InPy) (30)

(b) We take g(€) = &2 so that:
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E@E&}18{e) = 1)

-E [szls ~ EVIO (in G, ~ In Py), 8]

- [E1e ~ EVI0 1 6, tn Py, 61
+var [ele ~ EVIO (In G, — In Py), 91]

=02 [y +In G, — In PP + (n¥/6) 62 (31)

{c) Using Lemma B.2.1 (b) with g(g) = &, we have:

E(g18,(e) = 1)

- (EGA‘) : IE [szlsz ~ EVIO, e]] -
P, E [E:ZIsz ~ EVI-81n P,, el] ]

é(G%).[},e_Pz(ye—Blan)]

- (é—} . 9)- [ (1=P) Y+ Py In Py (32)

(d) Using Lemma B.2.1 (b) with g(g) = &2, we have:
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E@€$8(e) = 1)

- (G_G:l . IE [a%lez ~ EVIo, 9]]

-P,-E [a%lsz ~ EV[-01n P,, 9]] ]

- (G%) - [(79)2 + (1¥/6) 92] - Pz[92 (y—In P; + (x%/6) 02] ]
~ (- [ 087 — P (r-tn PP + (1-P) (06) €2 (33)

=& [ PPt PP+ (1-P) 26)| QED.

Comments: Theorem B.2.2 imposes strong separability in the functional
form for G to obtain a closed form conditional expectation. When G has
the additive from Gyl = G*Iy4]1 + y,, &, is independent from &!. If we
do not impose strong separability, then F;(€) becomes:

Fye) = exp [ —G[<e-=f/°>]] o~/ o—uif® EI{ )

[ G [<e > ] G,l<e=>] — G12[<e‘ef’9>]] (34)

Following the proof of Lemama B.2.1 (b), we see that the analogue of (22)
for equation (34) does not permit an easy integration in (17). It is possi-
ble, however, to extend the results of Theorems B.2.2 (¢) and (d) for
Glyl = GAIy4] + ay,. We present the results in Corollary B.2.2.
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Corollary B.2.2 Let & be GEV distributed with cumulative distribution
function F(g) given in (13). Let G be additively separable with
G(¥) = GA(»1) + ay; where y = (Y4, y,) and where G“() is homogene-
ous of degree one. Define a" = 6 In a. Then:

Gl<e"®>1] .
(2) E(sg18y(s) = 1) = m : [(79 +a") (1-P,) + 6 P, In PZ]
Ve | h
Gl<e’®>] ‘
() E@fdi(e) = 1) = 27527

w662 (1 = Py + 0 + 077 (1 = )

+20(y8+«’) Py In Py ~ 0 Py(ln Pg)zl

Proof. The proof of Corollary B.2.2 requires minor modifications in the
arguments that demonstrate Lemma B.2.1 (b} and Theorems B.2.2 (c)
and (d). It is therefore omitted. Q.E.D.

As an illustration of Theorem B.2.2 and its corollary, we derive the
conditional moments for the multinomial and nested logit models.

Example B.2.1. [Conditional Moments in the Multinomial Logit Modell.

J
Let:- Glyl=ealY y] and, ¢ =6 Ina. Then:.
=1

(a) E(g18,(g) = 1) = (a" + v8) — 6 In P,
(b) E(ef18,(e) = 1) = =% 0%/6 + (¢" + y0)? + 62 (In P,)?

~2(@" +7v9)-0(n P)
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(©) E(g3181(e) = 1) = (a" + ¥0) + 8 P, (In P)/(1—Py)
(d) E(e}18,() = 1) = n20%/6 + (a" + v0)

— P, 8 (In PoR/(1—Py) + 2 (a” + v8) (6 In Py) Po/(1—P>)
Proof.

(@ Gi=aand81n G, =0 In a = a’. Apply Theorem B.2.2 (a).

(b) Use Theorem B.2.2 (b) with G; = «. Then:

E(=18,(e) = 1) = —’?9%92 (y+Ina-—InP)?
——’6‘192+92(y+1na)2—292(y+1na)(lnP1)+92(lnP,)2

- %92 +(10+ ¥ -2(10+a") 0 (In P)) + 62 (In P))?

(c} Apply Corollary B.2.2 (a) with GA[y4] = a (Y y;). Then:
j=2

Gl<e"?>]

Pl == Garemmst

(YO +a’)(1-P)+ 0 P, 1n P

From equation (14);

7

a ¥ et
G[<e”3”°>] _ j§l = 1/(1~Py)
GAl<e">] a ZJ: Vit 2

=2

233

(35)
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Therefore:

E(g,18;(e) = 1) = (y8 + ") + 0 P, (In Py)/(1—P3}

J

(d) Apply Corollary B.2.2 (b) with G4[y*]1 = a 3, y; and equation (35).
j=2

Then:

n?

E@€d,(e)=1)= < P+ (O+a’ P +20(10+0")-

P, (In Py) / (1-P3) — 8 Py (In Py)* / (1-P;) QE.D.

As a second illustration of Theorem B.2.2 and Corollary B.2.2, we
derive the conditional moments for the nested logit model.

Example B.2.2. Consider a two-level nested logit model with three alter-
natives:

{1—o)
Glyy, ya, 3l = [ y -9 4 ylhi-o) + ¥z (36)

Following McFadden (1978), one may verify that (36) satisfies the condi-
tions of Theorem B.2.1. Therefore, application of equation (14) yields:

R
Pl211, 2,31 = =5} (37)
’ V1) 4 eV:/G(l—cr)] + oVl
(1-0)
[ewen—o) + eV Ve(1—o)
Pl111,2, 3] = T=e)
’ oV 10} 4 eV;IB(l—o)] PR
eVI/B(I—G)
(38)

[ eV /X1 4 eweu—o)]
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= PI(1, 31, 2, I - P11, 3)]

where P(i1A4) denotes the probability that i is chosen from the set A.
From equation (36} we find:

G, = | 7o + ewe(l—o)]_" . OV B(1-0)

= P11, 3F° (39

We define GAly,, ya, y3l = [ + p}A-9)j1-9) it follows that:

1_
[eV.le(l-o)+ oV %1-0) (1=0)

G Vifo
(=) [<e'®>1= —
G4 [evn/e(l—o) + eVsIB(l—ﬁ)]U o

eVz/O

[ pVII-0) |  Vi/E(i0)

+

](1—0}

PI21(1, 2, 3)]

= 1% Bl 3101, 2, 3]

= 1/(1 — PI21(4, 2, 3))) (40)

For G given in equation (36), Theorem B.2.2 implies:
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E(6,18,() = 1) = © ['y+ oln P(111,3) ~ In P(111, 2, 3)] (41)
2 — EZ 2 2
EEHSE) = )= Z 62 +0 [7+c]nP(lIl,3)

—In P11, 2, 3)]2 (42)

Application of Theorcms B.2.2 (¢) and (d) to equation (34) implies:*

E(£218,(¢) = 1) = 8 [y + P, (In Pp)/(1-P,)] 43)
and:
E(eH18(e) = 1) = 6 | = + | =Py oy ~In Py /(I—Pz)] (44)

In equations (41) and (42), one observes that the nested logit model
implies a closed-form expression in the conditional probabilities of
reaching alternative one from various nodes of the tree. The conditional
expectations in (41) and (42) differ from their counterparts derived in the
multinomial logit example by the term o In P(11(1, 3)). As ¢ tends to
zero in the limit, the nested logit model converges to the multinomial
logit model and the term & In P(11(1, 3)) vanishes.

Comparison of (37), (38), and the corresponding expressions in the
multinomial logit example reveals equal conditional expectations. The
essence of the separability assumption is that the variable g; behaves as a
multinomial rather than nested logit random variable.

The calculations involved in equations (41)—(44) are easily modified
to trees of any depth or size. As an illustration, consider a two-level
nested logit model with AM alternatives:

Gy) = f am[ Y y.-”‘“"”]]m (45)

me=] {€Bm

SExpressions for the conditional expectation of &, are analogous to those presented for g,.
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where B, € {1,2,..,J}, UM.B, = {1,2,.,J}, a, >0, and
0 < o,, < 1. McFadden (1978) derives the choice probabilities for equa-

tion (45) and shows that they satisfy:

M - —Om
Z e (10w} A Z eP&/{l—m.)

mi€Bm JEBm
F = M| [T
Z an E el’xl(l—o..)
n=1 k€B-

mii€8x

where:
eVili-om)/ Y o Villi—om) if i €B,,
‘ j€Bn
Pli1Bnl =1 otherwise
and:
oz emﬂrﬂh)”—°ﬂ
j€ B
PIB,) =—— [(1=0
z a, Z er/(l—c..)
n=1 k€8,

From equation (45) we have:

Gy = S o) | 7. oall-0m)
() Z Am E ¥ Vi

mli€Bm J€Bm

(46)

47)

(48)

(49)
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so that:

M
Gi<e'"'>)= Y a, Pli|B,I° (50)

me=]

The form of the derivative in (50) generalizes in higher order trees. As
an example consider the three-level tree structure:

(1-0)/(1-8)|(1-8)
GmZ[E[ZyJéSA“’" - l (51)
a d m
In this case one may show:
Gmaal<e'>1=Y. ¥ Pld|al - Plm|dal® (52)
a d

where G4, denotes the derivative of G in (51) with respect to Ypg,.
Further, equation (40) generalizes to cases in which G exhibits strong
separability in some of its arguments. For example, suppose:

G = G* + apgsy Y41 - Then: Papyy = apre e ¥
and:
(G-GY)/G) (<e">) = Py
Thus: -
(GIG%) (<e"P>) = (1 = Pypsi)™

as in equation (40).
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B.3. Conditional covariance in the GEV family

We now consider the conditional moment of the product of two GEV
random variables. Rather than calculate Elgg;18,(c) = 1], we will alter-
natively find El(e; - £)?18,(¢) = 1] and use the relation (g, - £,)* = €7 -
2¢18; + &f in conjunction with Theorem B.2.2. It is well known that the
difference (g; - £;) has a logistic distribution when &, and &; are indepen-
dent identically extreme value distributed. Our next result finds the joint
distribution function for (Y3, ¥3, ..., ¥)) = (&3 - €4, € - €, ..., €5 ~ E1)
when ¢ has a GEV distribution,

Theorem B.3.1. {Generalized Logistic Distribution]. Let ¥; = g; — ¢, for

i=2,3,...,J where € has a GEV distribution given by equation (13).
Then:

Hlw,, ws, .., wil = ProblY; < wp, Y3 < w;, ., Y7 < wyl

= Gil<e™®>1Gl<e™"®> ]

WithWIEO.

Proof.

H =Pf0b[Y2 < wy .., ¥ < WJ}

ol A 0

oo

= F1[8, &+wy, ..., €+Wj] de

El=—c0

= J;__w exp[ - [<e—(s+w,s)/9> ] ]G 1[<e(—(~:—w,-)/9> ]e—-gle %@_

= fa——w e"p[ —e G I<e™>] ]G.[< e 0> Jg=e/8 %
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G|[<€_w’le>]
- —————— E.D,
Gl<e™>] QE

Two familiar resuits follow immediately from Theorem B.3.1.
Coroliary B.3.1.
(a) H[Vl—Vg, Vr*V3, . Vr"VJ] = P|

J
(b) (Y3, Y3, ..., Y;) is logistically distributed when Glyl = 3. y;.
=1

Proof-

Gl[<e—(V|—VJ)/9> ]
Gl<e 77> ]

(a) H[V]‘—Vz, . V;"VJ]“

=" G,[<e"?®>] Gl<e’®>] =P,

where the first equality uses the result of Theorem B.3.1, the second
equality uses the homogeneity property of G, and the third equality uses
equation (14).

J
(b) Because Glyl=Y y;, G,\lyl=1.
j=t

Theorem B.3.1 implies:

J
H[Wz, ey W_]] = Z e"w’/"
Fid|

which is a multivariate logistic distribution. Q.E.D.

We now make the assumption that €, and & are independent from
each other and from &4,

R T

PP T
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Theorem B.3.2. Let € be GEV distributed with Gyl = ay, + ay; +
a GA< yj—’>] where G is homogeneous of degree one and where y =

(1, ¥2, 7). Then:

E((g; — 1718,(e) = 1)

6% ln ((1-P,)/ PP — 26 In ((1—P3)/Py) -

[ P,1n Po/(1-P,) + In (1-—P2)I + 0(1-Py) -

h(z)dz with h(z)=

f]n (1—£:)/P) 2277
oo (1+e~%)?

Proof.

E((s2 — &)18i(e) = 1)

- T e

F12[81, €, V1—Viteg, ..., VI—VJ+S|] ds; dg;

We make the logistic transformation: z; = &;, z; = €; — &;. It is easily
verified that this transformation has unit Jacobian. Thus:

E((ez — &1i8i) = 1)

ol N M S
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Flz[Zl, z1 t z3 Vi—V3tzy, .., VI_VJ+Zl] dz, dz)

1 Vi-¥,
gl R N

Fplzy, zy + 2o, Vi=V3tzy, o, Vi=Vitzl dz, dz;
Define:
Hlw,, ..., wyl = J:_w F\le, e +wy ..,e+ wilde
Then:

E((e; — &/18(e) = 1)

ViV
= -j.z——oo ZE ) H2[229 VI_VS, ceny VI—VJ] dZZ

Recall that Glyy, ya, ..., 5l = ay; + ayy + aGAl<yf>1 Thus G, = ¢,
and by Theorem B.3.1:

-1
H{WZ, eey WJ] =4 [(1 + ae"””e + uGA[<e-Wif9> ]]
from which follows:
-2
Hilw,, ..., wil= e—w:/B[ 1 + GA[<e™®>] + e—w:/ﬂ]

and:

E((e; — £1)/18; = 1)
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—V, 2,-
_ f(V: V,)/8 !fe_ zdy
Pl —= (A+€y)

02 (Vi—V)/0 27V
. d
Pl AZ J._,, (I + e-lnA-y)Z Y

where 4 = 1 + GAl<e """ ] and we have used the transformation
y = z,/0. Note that:

(I-P) _ G-ue'® _ee"®+aGt
Pl a eV1/9 a eVn/B

=1+ V. GA[<e"®>]) = 4

Define z = y + In 4. Then:

o J-«Vl-m/a)ﬂu (z=IndyPAe* .

EXps =)= 577 ). (1+e7y

6> J-«V,—Vz)/e)ﬂnA (z2—=2zInA +(n A)P) e dz
PiA4 J-w (1+e7%)?

Because:
(V1—V2)/0 =In (Pi/P;) and A = (1-P)/P;
It follows that:
(V=V5)/8 +1n A = In (Py/Py) + In [(1—-P,)/P,] = In [(1-P5)/P5]

We let x = In [(1—P3)/P;], so that:
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E(Y318; = 1) = f_°° (1 +e*2)2 2+
f_w (1+ *2)2 dz - (In AP —
2 (In A) §?

P 4 f‘” (l+e*z)2

(1—1’2) f-“’ (1+ -2)2 dz + & (In (1=-Py)/P))

-2 (ln A) @ f
(1—P3) - (1 +e‘z)2

Using integration by parts, we have:

x t et dt x
- Q1+
S T TR 0

from which follows:

1-P; z] —f ! I_P P
J'lnl( PyP) g etdt _ In K1-P))/P,] +1a P,

tm— (1+eP  (1-P)!

=[ Py In Py + (1-P3) In(l—Pz)]

Hence:

E(¥}i8)(s) = 1) = 6* (In (1-P2)/Py))’
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_ (12 ?32) In ((1 Pz)/Pl)[ Py1n Py + (1-P3) In (1-P3)
(v In [(1-P;)/P:]
+ (=P, f_w h(z)dz

=& fin (1—PYP)P

— 28 In (1-P,)/Py) [ PyIn PJ(1-P;) + In (1—P2)]

02 fln [(1-P:)/P)]

oy J- h(z)dz Q.E.D.

The integral f h(z) dz where h(z) = (zZ e ?)/(1 + %) is in fact
related to E[y?y < x] where y has a univariate logistic distribution. A
closed-form solution for this conditional expectation does not exist. Hay
(1980) and Lee (1981) determine the expectation in terms of a series
expansion involving the incomplete gamma distribution. Using an aiter-
native series expansion, we derive a computationally simple form for the

integral.
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Theorem B3.3. For0 < A < 1:

in A7 ule P (In A
J;) U+ P du = 6 _—L(l ) 2(InA) (n (1 +2)

At
(i+17

+232, (-1
Proof From the formula for the sum of a geometric series we have:
(I+xy'=3 -1y x' for IxI <1
: i=0

Differentiating and integrating, term by term, provides two useful rela-
tions:

(1+Ix}2 = g (i xtt = 2‘0 (=1) (i+1) X

In (14x) = Z _(£_+-ll)_ x*for Ixl < 1

For x = ¢™® with 4 >0:

(1+e¥)2= i (1Y (i+De ™ and
i}

In K_l uz e ¥ inX 2 b ; N
R, . - —_ i+ —u(i+1)
J:) 1+ ey du J; u iz (=1¥ (i+l) e du

= . In 27! o
- E‘o (=1) (i+1) J;) u? e 4G+ gy
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Next we use the fact that:

fyze""’dy=_7.l y2+%y+‘?z— e?

Then:
Ind! ;2 o-u
f n ”_‘-’___ du
0 (1+e 4y

—Ind
2 2 |

2+ + (i+)y |
(+1) G+ 7T G2 € o

E( 1y (i+1)

= § ()it -132 2 -1 2 i+ 2
EO( )i+ “(lnl ¥+ (I__H)lnl + GHIP A 1)

E % +l)2 + (In 1-1)2 . EO (__'1)i+l AiHL

+2 (111 x—l) . Z L(__l-%__xﬂ +2 i (_1)i+1 XH'I/(I"H)Z
=0 i=0

Ez— M hnd — iAi+l s 2
6 (112) 2(lnl)(1n(l+?t))+2i§( 1y A G+1)

where we have used the fact that:
i (—1¥/(i+1)* = n¥/12 QE.D.
)

For reference below, we let:
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G = %ﬁ —2(n N In (148) + 2 3 (~1) A+
) i=0

Application of Theorem B.3.2 in the case of binary alternatives yields:
Corollary B.3.2.
(9%/P)) - (W%/3 — G(Po/P))) for P, > P,

E(Y315, = 1) =1 (6%/P)) - (G(P\/PR) for P, < P,
(0%/Py) - (n%/6) for P, = P,

Proof. Using Theorem B.3.2:

E(Y315; = 1) = "I%ZT SO 2y dz

where we have imposed the restriction P, + P, = | implied in the case
of binary alternatives. For Py > Py

02 J-In PP

0
E(Y318, = 1) = ;ilf_,. hz) dz + -

h(z) dz

Now make the substitution A™! = P/P. Then Theorem B.3.3 implies:
E(Y318; = 1) = @/PY/6) + §/P1) | /6) - G(PdPn)]

For P, < Py

0 0
E(Y318, = 1) = ;ﬁl J_hzydz - ;,il S ey B2 d2

(P\/P2)

EKEO AL e
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- ;il 2 _@ [;:2/6 G(P /Py | = il G(P(/P2)

Finally, when P, = P,, G{1} = n%/6, which implies continuity for E(Y}
(5=1) QED.

B.4. Continuous/discrete econometric systems

We now introduce a random variable n and suppose that conditioned on
g, 7 has mean (\/6c/ =8) .7, R;e; and variance o? (1 - Y, Rf) with
YE Ri=0and 37, R < L.

For the present, we assume that <g;> are independently, identically
extreme value distributed with E(g;) = 0. This is accomplished by
assuming that location parameter a = —y0. Note that (\/6c/nB) = (o/c¢)
where o, is the standard deviation of g;. The next theorem presents the
unconditional moments of 7.

Theorem B.4.1. [Dubin and McFadden).
(@ Em) =

(b) E() = o’

{c) Correl (n, &) = R;

Proof.

(@) EMm)=E[E(Mmle)l=E ZR 8,] =

O =i

(b) EMm?ls) = var (nle) + (E(mie)y

i)

O juul

E(nz)-E[oz(l—fR,-ZH

i=1
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—02(1—2R2)+ = 3 R?o2=o?

i=1 Ge i~

© Eme) = E [Emete)] = E [& Emie)]

m
=EIS,'£ER;8§]=§“R;0§=GR,'GE
[

€ jml

Therefore, Correl (, €;) = E(m &;)/c 6, =R; QE.D.

We now derive the expectation of 1 conditioned on the event that a
particular alternative is chosen.

Theorem B.4.2. [Dubin and McFaddenl.

o _ -\/60' m R PJ In Pf
EMmId{e) = 1) - Ei (I—P)l nP;—R; =Py

Progf. Define 4; = {g | 8;(¢) = 1}. Then:

E(mI3; = 1)=— S, Eoie) I e de

j=1
1
==F ZR £ Hf(ej)ds
! O¢ =1 Jj=1

_22 f SJHf(SJ)dS

G&ji!

3"— f; Elg;i84e) = 11 R,

ST
P
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- i E[Ej'SE(S) = llR] + OE'E[Sjlﬁj(S) = 1]R,

€ jIjei

Using Example B.2.1, we find:

m OR;P;InP; G
EMISs) = 1) = = ~—— I _ % ROmP

where we have imposed a = — ¥0. Noting that ¢, = (n 6/./6), we have:

Rj Pj lﬂPj

Baise - =L | § s
J

r JljeE

_.R,'lnP,'

_Joo [[ = RiPilaP)| RlnP
n E (1-P) | (-P) QED.

Let 8;; = 1if i = j and O otherwise. Then we may rewrite the result of
Theorem B.4.2 as:

PN, m R;PilnP;| R InP(P-1)]
E(MI&(e) = 1) = [ T R l

Flj=i

n (I—Pj)

_ -\/66 i .Rj In PJ‘ (Pj—ﬁij)l

j=1

We now consider the conditional variance of 1 for the binary case
m = 2. Recall that:

EGP18 = 1) = - [, E@P1() f(s) de

where f(g) = ﬁ f(g;). We use the relation:

i=1
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E(n?ig) = var(nle) + (E(m)e))?

-01(1—2R2)+

i=]

to obtain:

Generalized extreme value jamily

(Z R; 51)2

e i=]

2 02 2
EMi8=1)=c>(1 - 3 RA+ = ¥ R? E(}15; = 1)

i=]

;26

€ =1

5 Rl R2 E(Sl 8218,‘ - 1)

We collect results in the next theorem:

Theorem B.4.3. [Dubin and McFadden].

EM?18;) = o + 2 6*> R} J(P,,8,) where J(P,, §,) =

/P -1 -3/ (/P G
~ 1+ @/ (/PG
-1+ (3/n% N/(1-P)]- G

Pyf(1—-Py) — (3/7) [1/(1~P )] - G

Proof.

(1-py

ford, =1,P; > 1/2

ford; =1, P, €£1/2

for§, =0, P, > 1/2

for8|==0,P; < 1/2

[P SUNCEUIETTEY
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2
E18, = 11=c? (1 — (R2+ R} + %2- R? E(g218, = 1)

+ R} E@315, = 1) + 2 R, R, E(¢,6,15; = 1)]

For the binary case: Py + P, =1 and R; + R, = 0. Example B.2.1 and
Corollary B.3.2 then imply:

Emi$;=1)=02(1 -2 R}

o (1=-Py)

F;-[(EZB) - G[T] for Py > 1/2
+ (of/c?) R}

& Py

}TG'(I"PI)] fOI‘P1 <172

Using o? = n? 6%/6 yields the first two parts of the theorem. It is then
simple to derive the expression for E(m218, = 0) from:

E(M*18, = 1) P; + EM18, = 0) (1~-P}) = E(m) = o? Q.E.D.

If we relax the assumption that <g;> are independently, identically
extreme value distributed, then conditional moments of m are not easily
derived. Indeed, the strong separability used for the function G in
Corollary B.2.2 and Theorem B.3.2 if applied symmetrically to all com-
ponents of ¢ would imply the simple multinomial logit specification.

The sequential form of the GEV family does, however, provide a tract-
able alternative. Rather than assume that n has a linear conditional
expectation in <g;>, we instead assume that 1 has a linear conditional
expectation in the space of the "induced" independent extreme value ran-
dom variables that generate the conditional branch probabilities. This
assumption is motivated by the consideration that the simple multino-
mial logit probability form is implied by but does not itself imply an
independent extreme value error structure. This point is usefully illus-
trated in the bivariate extreme value distribution:
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](l-o) 53)

GO) = [ yif=o + yfi-o

Equation (53) implies a probability choice sYstem:

eVl/ﬂ(l—U')
e Vi/1—o) + eVz/ﬂl—o‘)

P = (54)

Alternatively, consider the independent form of the GEV:
Glyl =y, + » | (55)

which implies the multinomial logit probability choice system:

Pl

Pl=
eV;/B + eV;_IB

(56)

As the scale parameters 0(1—c) and 0 are not identified in (54) and (56),
the resulting models are observationally equivalent.

Furthermore, in the sequential or nested logit model, we may view the
second-level conditional probabilities in equation (47) as being generated
by the independent extreme value random variables <gf~> with vari-
ance (2/6)(1 — o,,)%. Specifically:

PlilB,) = Prob [V, + & > V;+eP VWjlje Byandj =il (57)

Finally, the error structure < sf’"‘> may be analyzed through Theorems
B.4.1, B4.2, and B4.3.






