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1 Introduction

In epidemiological studies the issue arises whether multiple causes of a particular disease
have a synergistic relationship in that their combined effect is greater than that of either
activity alone and greater than what one would expect by the sum of their individual risk
contributions. Two hypotheses are frequently tested. First, when the sources of disease
act independently it is hypothesized that the relative risk of disease given exposure is an
additive relationship. Here the relative risk of dying from cause A adds to the relative
risk of dying from cause B to determine the combined relative risk of dying when exposed
to both A and B. A second hypothesis states that the relationship between disease and
two causal factors is multiplicative. In this case, the combined risk is the product of the
individual risks.

Of course synergism is itself a concept that is model dependent. For instance a lack of
synergism in a logit model of risk, as demonstrated by the statistical insignificance of an
interaction term, leads to a multiplicative model of relative risk. Consider the following
example. Consider the following example.

Suppose that the probability of dying from a disease depends on two factors A and
B. Let 64 denote exposure to A and ép denote exposure to B. Suppose further that the
probability of dying is logistic and given by:

P[D|64,05] =1/ (1 + e—(xoﬂo+5AXAﬁA+5BXBﬂB+5A53Xc))
where X4, X, X¢, and X, are vectors of explanatory factors and §; are true but
unknown coefficient vectors. The presence of the term 6485 allows for synergism in this

model and specifies that the probability of disease may be different when causal factors
A and B are both present.

Now assume that ¢ is zero so that there is no synergistic relationship in the model.
The relative odds of dying when exposed to both agents is:

RO4p = P[D|6s=1,6p=1]/P[D|6s=1,6p=1]
= exp(Xofo + XaBa + Xp0Op)
Similarly the relative odds of dying when exposed to A alone is:
RO, = P[D|64=1,6p =0]/P[D|6s = 165 = 0]
= exp(Xofo + Xafa)
and
ROp = P[D|64=0,0p =1]/P[D|6s=0,6p =1]
= exp(Xofo + XpPB)
and the relative odds of dying from background exposure is
ROy, = P[D|64=0,65 =0]/P[D|é4s =0,65 = 0]
= exp(Xofo)




The relative risk is defined as the ratio of the relative odds between the exposure group
and the baseline:

PR.. — (PDIBa=165=1] P[D|64 = 0,65 = 0]
AR = \P[D|ba=1,65 =1] P[D|64 = 0,65 = 0]

P[D|64=0,6p = 0] P[D|64 = 0,65 = 0]
which says that the relative risk from combined exposure is equal to the ratio of the

relative odds of dying in the exposed population to the relative odds of dying in the
unexposed population.

Then RRAB = (ROAB/ROO)
= exp(Xafa+ XpBp) and
RR4s = (RO4/ROq) =exp(XaBa), RRp = (ROg/RO,) = exp(XpPls)

We see that RR4p = RR4 - RRp even though the model exhibits synergism.

This paper considers several methods for determining the relative odds ratio including
the case-control method, the cohort method, and the prevalence method. The particular
focus of this paper is the testing of the statistical hypotheses of additivity and multiplica-
tivity of the relative risk measures. While other papers have considered the confidence
intervals for relative risk measures no systematic study has been made of the additivity
and multiplicativity hypotheses as a matter of statistics. Therefore, while practice in
epidemiology may have been to say that one or more studies appear to support the mul-
tiplicative model, these have not in general been statistical statements i.e. statements
made with attendant levels of confidence.

The paper is divided into six sections. We discuss the case-control method and Wald
type tests for the multiplicative and additive hypotheses. We also derive and discuss
Woolf’s method for determining the variance of log-odds ratios (Woolf (1955)). Then we
discuss maximum likelihood methods for optimization subject to constraints following
the methods of Gardner and Munford (1980). In Section 3 we discuss other approaches
for determining confidence intervals including Bonferroni Intervals and Monte Carlo sim-
ulation. In Section 4, we describe various synergy indices and how they relate to tests
of hypotheses for additive and multiplicative statistics. In Section 5, we discuss cohort
studies and derive hypothesis tests for the additive and multiplicative statistics. In Sec-
tion 6, we discuss prevalance studies and their relationship to cohort studies. Finally we
present conclusions.

2 Case-Control Studies

We begin with a table of case-control outcomes at differing levels of exposure:




Exposure

None | A | B | A&B | TOTAL
cases hi |hy|hs| hg h
controls | k; ko | k3 ks k

We next express the row counts as fractions:

Exposure
None | A | B | A&B | TOTAL
cases m | Mo | Wy | Ty 1
controls 01 02 03 04 1

where #; = h;/h and @; = k;/k are consistent estimates of the true cell probabilities.

First, we demonstrate that the retrospective odds-ratio from a case control method
provides an approximate estimate of relative risk of being a “case” given exposure. To
prove this we examine the odds ratio w4 - 6; /m; - 64 although the result clearly generalizes
to other cases. We show that the odds-ratio approximates the relative risk of being a
case given exposure level A&B.

We denote a case as D (death from lung cancer for instance) and D a control (death
from other causes for instance). The combined exposure A& B is referred to as E (expo-
sure) while the exposure level “None” is denoted FE (no exposure).

The odds-ratio 7y - 6, /7 - 64 is equal to

P[E|D] - PIB|D] "
P|E\D]- P[E|D]

since my = P[E|D], m, = P|E|D), 4 = P[E|D], and 6, = P[E|D]

As the notation implies, the probabilities 7 and € are conditional probabilities indi-
cating the respective likelihood of having been exposed given an individual’s case-control
status. Of interest is the prospective probability of being a case (i.e. dying) given expo-
sure status. !

Under a simplifying assumption the odds-ratio approximates the prospective odds:

PE\D]- P[EID] _ P|E,D]/P|D] P[E,D}/P[D]
PIE|D]- PIEID] ~ P[E,D|/P[D] PIE,D]/P[D]

1Some research studies have used logit analysis to model the conditional probabilities shown above.
This allows the introduction of covariates to provide additional controls in the analysis. For example a
logit model may be used to specify the conditional probabilities: P{A|D], P[A|D], P[A|D], and P[A|D.
A specification of such a model was illustrated in the introduction. The presence of additional covariates
complicates the analysis presented below as the variances and covariances become dependent on the
assumed probability model and on the precision of the parameter estimation.
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P|D|E]- P[E] P|D|E]. P|E]
P[D|E]- PIE] PI[D|E] P[E]

_ P[DIE] P[DIE]

~ PDIE] PIDIE]

. P[DI|E]

= PD|E] @)

where the approximation results from the observation that P[D|E]/P[D|E] is close to
one. Case control studies are useful as they provide estimates of the odds P[E]/P[E] i.e.
the relative odds of exposure. The relative odds of being a case P[D]/P[D] are irrelavant
as they are set by the researcher in the design. They do however have an influence on
the confidence of the results.

2.1 Hypothesis Tests for Case-Control Studies — Multiplicative
Case

The relative risk (prospective) of dying given exposure to contaminant A is m20;/710,.
The relative risk of dying given exposure to contaminant B is 736, /7,63 where the relative
risk of dying if exposed to both contaminants is 746, /7160,. The multiplicative hypothesis
states that RR 48 = RR4 - RRp so that:

7401 /7104 = (w20, /m105) - (7301 /71603)
Taking logarithms this becomes:
log m4+log 6, —log m —log 6, —log mo—log 6, +log 7, +log 6, —log w3 —log 6, +log 7w +log 3 = 0
This may be rewritten as
log (14620371 ) — log (6amam3by) =0
or
M = (log 7y — log ma — log 73 + log m4) — (log 61 — log 6, — log 05 + log6s) =0
A consistent, estimate of this statistic is obtained by replacing m; and 6; with #; and 6;.

To derive the variance of the resulting statistic is complicated by the fact that A,
ha, hs, and hy form a multinomial probability distribution. Similarly &, k2, k3, and k4
form a multinomial probability distribution, but one which is independent of the joint
distribution ofthe h;k; assumption.

To derive the joint distribution of the logw; and log8;, we begin with results for the
joint distribution of the h;. Similar results hold for the outcome of the &;. For notational
simplicity we present the results using a common symbol n; where n; +ny +nz +n4 = n.
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Lemma

Let d;; = 1 if outcome j is realized in observation t. The probability that d; =1
is denoted 7;. Let n; denote the total number of outcome j’s that are observed in the
sample of n independent draws, with

mMm+m+mg+m=1 n+na+ngt+ns=n,

nj = Z 5jt’ n= Z(éu + 5% + 63t + 54t) = Z 1.
t=1 t=1 t=1
Then E(n;) = nnj,V(n;) = nm;(1 — m;), and cov(nj, ng) = —nm;m for j # k.

Proof

n; = Y165 implies E(n;) = Yi; E(d;:) = nm; since E(6;) = 1-7; +0- (1 — ;).
Next V(n;) = S V(6;:). But V(6;) = E(6;:) — E(60)* = m5 — 73 = (1 — 75).
Hence V(n;) = nmj(l — 7;). Finally cov(nj,ny) = E[(n; — nm;)(ng — nm)] =

E(njng) ~ nmynm, — nmenm; + n?myme = E(ngng) — n?rym,. Now
E(njny) = E[(Z 50O 5kt)] = E[ D 0itbke+ Y 5jt5ks]-
t t t t#s

But §;:6x: = 0 if § # k in observation ¢ (only one unique outcome is realized in each trial)
so that the first sum is exactly zero. The second sum consists of (n*> —n) terms which are
the products of independent random variables (since J;; and dx, are independent when
t # s). The expectation of each term in the second sum is E(8;¢0ks) = 7.

Hence E(njni) = (n? — n)m;m,. Combining these results we obtain

cov(nj,ng) = (n® —n)mjme — nPmjme

= —nm;m (3)

Q.E.D.

Combining these results into the variance covariance matrix for n; we obtain:

m ™
E N9y —n o
ng T3
ny T4
and
m 7T1(1 - 7T1) —7!'17'(2 — T T3 —TM1T4
n —TMoT m(1l —m —MoT — Ty Ty
V 2 =n 211 2( 2) 213 :n(1_¢¢l)
T3 — T3y —TM3Mg 7('3(1 - 7T3) —T3M4
g — 4T — T4 — T4y 71'4(1 - 7T4)




where = ( 1 M T T )

!

To derive the variance-covariance matrix for log #; = log (n;/n) we use a Taylor’s series
expansion to first-order for the logarithm. Then

1,
log #; = log m; + —(#; — 7;)

Ty

where we have evaluated the Taylor’s expansion around the true but unknown 7;. Then

’;1'1 lOg 1 1/71'1 0 (7?1 - 7Tl)
10 ﬁz _ lOng'g 1/7T2 (’ﬁ'g—ﬂ'z)
g 7?3 10g7T3 0 1/7!'3 (ﬁ3—ﬂg)
fr4 10g7l'4 1/7T4 (7“r4—7r4)
Hence
1/m 0 1/m !
- /= . 1/
V(log#;) = | /m2 /g Var(#; — m;) /72 1/
1/7!'4 1/71'4
1/m 0 m(l-m) —mn2 —m1 T3 — Ty
1 1/m, ~mamy  mo(l —mgy)  —moms —ToTy
T on 0 1/m3 —T3my —mamy  w3(l—m3)  —mymy
1/mq — T4y — 4Ty —mams  wa(l — m4)
1/7T1 0 !
1/7['2
0 1/71'3
1/7!'4
7!'1(1 - 71'1) —7!'171'2 —mi73 — T T4
. oy 1 1 —mmy Ml —m)  —mam3 — Moy
since Var(#;) = ;L;Var(n,) == iy Sramy (1 — m3) iy
— 4Ty — 4Ty —mymy wa(l — )
Next nV (log 7;)
1/my 0 (1-m) -m -y -
_ 1/7!'2 —T (1—71'2) —T2 —1T9
- 0 1/m3 —1T3 -m3  (1—m3) —m3
\ 1/m4 —Ty —T4 —T4 (1 —my)
1 —m)/m -1 ~1 -1
= -1 -1 (1~ ms3) /73 ~1
k -1 -1 -1 (1—my)/ T4




Theorem

For the multiplicative hypothesis,

101 1 1 11 11
V = [ — _ - _ _ _ el —
ar(M) (h1+h2+h3+h4>+(k1+k2+k3+k4)

Proof

The multiplicative hypothesis may be written as

log 7, logél
_ 1 _ logfy | . log 6,
M=(1-1-11) log . (1 -1 -11) log b,
log 7y 10g(§4
Hence
Var(M) = %(1 -1 -1 1)
(]. —7'('1)/7'('1 -1 -1 -1 1
-1 (1 —'71'2)/71'2 -1 -1 -1
-1 -1 (]. — 71’3)/71'3 -1 -1
~1 -1 ~1 (1= m4)/ma 1
1
+E( 1 -1 -1 1)
(1—6,)/6 -1 ~1 -1 1
-1 (1 - 6,)/6, ~1 ~1 -1
-1 -1 (1—63)/0s -1 -1
-1 -1 -1 (1—6,)/8, 1
71‘-[ 1) [Q=m)/m+1+1-1] +
. (1) [-1-(1—m)/me+1-1] +
(1) [-14141+(1—my)/m4) } + similar terms in
L B B .
= l(_l_ﬂl+1+.(]"—ﬂ2)+1+(1_mz+l+( 7T4)+1:|+
h L m Up) T3 Ty
similar terms in 6
= L + 1 + 1 + i] + similar terms in 6 (5)
h Lm T T3 T4




Hence

1 1 1 1 1 1 1 1
Var(M) = RIS S S
ar(M) [(h7r1+h7r2+h7r3+h7r4)+(k91+k02+k93+k94)]

= (—+—+—+—)+<1+1+l+1) (6)
" \hy  hy hy hy ki ko ks k4

Q.E.D.

2.2 Woolf’s Method

A similar result for the variance of a log odds-ratio itself, is derived as follows. Consider
log (w461 /m104), the log-odds ratio for the relative risk at the combined exposure level in
a case control study. We have

log RR e = log (w461 /m10,) = log (m4/m1) — log (64/61)

Next, without loss of generality assume that m; and w4 have been normalized so that
m1+m4 = 1 (This may be accomplished by setting 7] = 7, /(m1+m4) and 7 = 74/ (71 +74).
Now 7} + 7y = 1 and the log odds-ratio remains unchanged since

log RRagp = log (w36 /m164) = log (w46, /7104).
The expression for log (74 /) is in the form log ( ) where p=m4 and (1—p) =m. A

Taylor’s series expansion of log ( ) demonstrates that:

log 72 = l°g1fopo+1;p[(l(1_f)p;p] o a)
= logg fopo poﬁl_—p;o)' 7
Next
N 1 2 A 1 — N
var(ln i) = (arss) O
T ®

where p = N L YN 8, is the unbiased estimator of p, E(p) = p and Var(p) = p(1 —

p)/N and N is the number of independent trials resulting in YN, 6: exposure cases (as
compared to non-exposure cases). Similar expressions follow for the theta distribution.
Now

~ A 1 h
Var(log (f4/M1)) = A D)
. h1 + h4
T hihg
1 1
Lix (9)
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Then

1 1 1 1
Var(log RRA&B) = h_1 + -}; + k—1 + ";

Note that the repeated application of this result (assuming independence) to the
multiplicative hypothesis would not produce the correct result in a case control setting
because RR44p, RR4 and RRp are mutually correlated.

The result we have just shown is also known as Woolf’s method and is sometimes

written
Var (g 50) = s+ 5+ 5+ 5
®BC/)TA"BTCTD
where RR = AD/BC and A denotes the number of cases with exposure, B denotes cases

without exposure, C' denotes controls with exposure, and D denotes controls without
exposure.

It is also possible to derive the covariances of the relative risk measures. Consider
RRA = 7r291/7r1(92 and RRA&B = 7T401/7T104. Then
log RR4 = (logm, — logm) — (log 6, — log 6,)
and
log RR 445 = (log mq — logm;) — (log 64 — log 61).

Clearly these are correlated because the common components. Consider the © compo-
nents first (analogous results apply to the § components). Recall that

(]. —7!'1)/71'1 —1 -1 -1
ay 1 -1 (1 —7r2)/7r2 -1 —1
Var(log 7) = h _1 1 (1 = 73) /s -1
-1 -1 -1 (1 —mq)/m4
log m
1
But  logmy —logm = ( -1 100 ) 1222 so that
lOgTM
Var(logmy — logm) =
1
(ﬁ) (-1100)
(1 —-m)/m -1 -1 -1 ~1
-1 (1 —my)/my -1 -1 1
-1 -1 (1 —m3)/m3 -1 0
~1 -1 -1 (1 — m4) /74 0
—(1~=m)/m —1
(1 1+ (1 —mg)/m
- (ﬁ) (-1 100) )
0

11
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Combining this with the analogous result for log 8, — log #;, we obtain:

1 1 1 1
Var(log RRA) = 7); + h_2 + — kl + k_g

This is exactly the Woolf result shown above. Similarly:

1 1 1 1
Var(log RRagB) = h — + ™ + -k—l' + ]—CZ
4

and 1 1 1 1
\ L I
ar(log RRp) = T + 7 k1 + T

Next consider the covariance between log RR4 and log RR 4 p Again we consider

the m terms first. Using the fact that cov(t'z, s'z) = t'Var(x)s for conformable column
vectors, we have, (for the 7 terms only)

cov[log RR4,log RRg] = (%) ( -1100 ) .

(1 —m)/m -1 ~1 -1 -1

-1 (1 = m)/m -1 -1 0

-1 -1 (1 —m3) /73 -1 0

-1 -1 -1 (]. - 7T4)/7T4 1
—(1 e 71'1)/77'1 -1

1 1-1
=(E)(_1100) L1
14+ (1 —my)/m4
1 1 1
— (Y () = — 11
(h) (71'1) h1 ( )
A similar covariance term can be derived for the 6 terms.
Thus cov{log RR4,log RRags] = hl + TclT

Combining analogous results for all log-odds ratios we obtain:

1 1 1 11 1 1,1

log RR 4 ',;ll--i-ﬁl;‘{-k—l-f—a Elr-f-g 1 1 hll+k11
Var | log RRp = §+§ h_11+51§+H+E 7117'*'1711 o
log RR s Pl TR 717+h—4+—k—1+ﬂ

12




We now apply these results to derive the variance of the multiplicative statistic, M. We
have

M = logRRsyp —logRR, —log RRp

log RR 4
= (-1 -1 1) logRRp
log RRaexB |
Hence Var(M) =
1 1 1 1 1 1 1 1
pIETRTE BT O BT 0
(—1 -1 1) 711:+'k1_1 Fll—-f-'hl—a"l-a-i-k—a g'i‘g . 1 -1
i mt e TR TR TR !
1 1 1 1
(T tE)
= (21| D
1 1 1 1 1 1 1 1
Gt mtete) —G+e) -G tg)
—(i+1+1+1)+(1+1+1+1) (12)
hi  hy  hy  hs ki ks ks ke

Hence this formula for Var(log M) agrees with our previous derivation.

To test the multiplicative hypothesis, we note that log M should be zero if the mul-
tiplicative hypothesis is true. Therefore we can perform a Wald test using the ratio

- of log(M) to its standard error \/Var(log M). This will have an asymptotic normal
distribution. (Rao, Linear Statistical Inference and its Applications).

2.3 Hypothesis Tests for Case-Control Studies — Additive Case

We next consider the additive hypothesis which may be stated:
A= RRsgp — (RRA + RRp — 1) =0

i.e. that the relative risk of dying from contaminants A&B is equal to the sum of the
relative risks from A and B separately less one. To derive a variance for the statistic A4,
we note that

Var(A) = Var(RRagp) + Var(RR4)+ Var(RRp)
—2cov(RRayp, RRs + RRp)
= Var(RRayg) + Var(RR4) + Var(RRp)
+200V(RRA, RRB) - 2COV(RRA&B, RRA)
—2COV(RRA&B, RRB) (13)
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In the derivations presented thus far, we have found expressions for the variances
and. covariances of log relative risks. Clearly the additive hypothesis requires variances
and covariances of the relative risks themselves. One approach is to develop confidence
intervals for the log relative risks and translate them into confidence intervals for the
relative risks by exponentiating the terms in the confidence interval inequality. In the
presence of correlation, however, the best one can achieve with this technique are broad
intervals based on the Bonferroni inequalities. A second approach uses the fact that if
the log relative risks are approximately normal than the relative risks are approximately
log normally distributed. Again the joint distribution of log normal random variables is
not straightforward and this approach similarly becomes unworkable.

Instead we follow Rothman (1976) and rely on a Taylor’s series expansion. Specifically,
we approximate the logarithm using:

1 1
logy = logyo + y—(y —1yo) sothat Var(logy) = ?Var(y) . Hence:
0 0
Var(y) = y; Var(logy)

The accuracy of the approximation improves for y close to yo which we will achieve
by taking y to be a consistent estimate of y,.

Collecting the terms required for the variance of the additive statistic, Var(A), we
have:
. 9 1 1 1 1
Var(RRags) = (RRaus) [—h1 ot —k4]
1 1 1 1
- 2, i T —
Var(RRs) = (RRg) [hl et kz]
1 1 1 1
- 2, - — -
Var(RRg) = (RRs) [h1 Pt E Tt ka]

For the covariance terms we employ similar Taylor’s expansions. Specifically let:
. 1
logy = logyo+ y—(y ~ %) and
0
. 1
logz = logz + —z—(z —zp) . Then
0

1
cov(logy,logz) = ——cov(y — yo,2 — 29) SO that
Yoz0

cov(y,z) = (yozo) - cov(logy,logz). Then:

1 1
cov(RR4,RRg) = (RR4-RRp)- (h_1 + H)

14




1 1

cov(RRayp, RR4) = (RRagp-RR4)- (E_ + k_)
1 1
1 1

cov(RRaup, RRp) = (RRaup-RRp)- (-~ + 1)
1 1

Then we have:

, 1 1 1 1
Var(4) = (RRaus)’- [5-+ 3+ 1+ 1]
1 1 1 1
2 . — —— — —
+(RR,) [h1 Tt kz]
2 gt 1t 1 1
+(RRg) [hl R tEt ks]

1 1
+2(RR4 - RRy) - W + k—l)
1 1
~2(RRayp - RR4) - (— + —)
hi ks

1 1

—2(RR,;1&B -RRp) - (h—l + k_1) (14)

A Wald test may be conducted using the ratio of A to its standard error /Var(A).
Asymptotically this will be standard normal, given the limiting distribution of the joint
multinomial probabilities for 7 and 6.

Since the Wald tests are valid only asymptotically we also consider a likelihood ratio
approach.

2.4 Maximum Likelihood

The likelihood function for the case control study is [TL, 7/*6f and is maximized subject
to the constraint > m; — 1 =Y 0; — 1 = 0. The log likelihood function is

F=> hlogm+)_ kilogh; .
This is maximized subject to the constraints:
FF=Ym-1=0 (15)
Fp=Y6-1=0 (16)

0 6 0 e
and F; = Tan M0 T +1=0 “additivity” or
mby mb2  mb;

”

Fy = log (m160203m4) — log (61mam30,) = 0 “multiplicativity

15




Note that F3 may be rewritten:

FF = ——-2=—-= + —

2.4.1 Additive Constraint
For the additive model we maximize the Lagrangian
Fy=F+ wF + paFs + pusFs

where uy, po, and uz are Lagrange multipliers. The first order conditions are:

OF4  h diplz

37(,' = -y + uy + 0—1 =0 (18)
OFs ki Simipz

% = B + Uy 52 =0 and (19)
OF4 _ pog i=123 (20)
O

where 51 = —52 = —(53 = (54 =1.

It follows that:
8FA aFA
Zﬂia—m=h+ﬂ1=0 and Ze,a_el-’—‘k'l‘/lz:o

Hence fi; = —h and fi; = —k and the remaining conditions may be written:

(hi = h#t;)6; + 6:7i13 = 0
(k,' b ké,)é, - (5,'73’,'[1,3 =0

and Z(Sg—’ =0

Writing z; = #;/ 6; and solving the first order conditions implies:

(8ikih — kfia) % /(8:kih — kita)? — 46:hihkfis

21
2o (21)

Ti =

16




Since 3°; d;x; = 0 it follows that:

0 = % [(hih = ki) & 80/ (Gkih — i) — 46ihelhs

1

= kh+ 3 6/ (8ikih — kitg)? — 48;hihkiis (22)

This equation in /i3 may be solved for each of 16 possible sign combinations (+ or - for
each of the four terms in the sum).

Using z; = m;/0;, the first two first order conditions may be written
(ki — k0;) = d;z;pus and  (hy — hm;) = —6;7;u3
Hence (k; — k6;) = —(h; — hm;) which implies
k; + h; = kb; + hm; = 6;(k + hx;) or

ki -+ hi
- . 23
6; Py (23)
Now substitute into the first order condition:
k; + h;
= k|2t = g
k k + hx; Tits  OF

ki(k + hx;) — k(k; + hi) = (k+ hz;)dizips

kik + kirsh — k(ks + hi) = kizius + 22hS;us
~kh; = zi(—kih + kd;u3) + T2hd;ps
—kh; = x;(kbips — kih) + 22h8; s

—kh,-c& = x,-(kdfug — k,h&) + fIIfh(S,?/.Lg

Now use 62=1as § =1 or —1. Then:

—khib; = z;(ku; — k:h6;) + x2(hyz)  so that

0= mf(hu;»,) + xi(kﬂ;; - k,hé,) + kh;d;

The last equation establishes a bound on z; since the discriminant of the quadratic
equation must be positive. The discriminant is:
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(k,ug - kihéi)z - 4(hﬂ3)(kh,(5;) >0

k2h® — 28;k;hkps + k2u2 — 2 - 26;hihkug > 0

2 h o (h\?
uy — 26; (E) us(k; + 2h;) + k: (E) >0

Next solve this quadratic at the point of equality to zero for u3. We obtain:

25; (5) (s + 2hi) & 46225 (s + 202 — 447 (2)’

2

h h , (h\?
= 0 () oy Bk - (1)

h
= (E) (ki + 2h:)6; = \/k2 + 4kih; + 4h% — k?]

( ) [5(k +2hy) % 2y/ha(hy +k)]

* —
K3 =

(24)

Since the quadratic has a positive second derivative, the inequalities are p3 < min 3,

and p3 > max uj;.

Setting, a; = (%) [k,- +2h; — 2¢/h2 + hiki], Gardner and Munford (1980) show that

- min(ag, a3) < ﬂg < min(al, (14).

Unfortunately, while these bounds bracket the true value of i3 they are not guaranteed
to produce sign changes in the equation of interest so that an iterative solution is required
to bracket each of the solutions for fi3. We have found that i3 = 0 will always be a trivial

solution to the equation above and should be ignored.

Once fi3 is found #; and éi are found from the first order conditions.
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2.4.2 Multiplicative Constraint
For the multiplicative model we maximize the Lagrangian:

FM = F+ /\1F1 + A2F2 + )\4F4

with F = > hilogm+» kilogf; and
F1 Zﬂ'i—].
F >6:—1
F4 = Zéilogm—z&logéi
we have: oF b 5
_—A4‘=i+)\1+/\4—1=0
on; m P
OFy ki —(d0:) .
S = 5ttt =0, Then:
OF
Zﬂi—aTZZhi+)\1+/\4Z(5i=0 = A =-h
oF,
201#=zk1+)\2+/\42—((5,)=0 = )\2:—]6
-}E—h'}*@:() hi—hﬁi+>\45,'=0
T T

hi; = hi + Agd;

_hitd
P h
k; —6;
-0—i+/\2+)\4 (T) =0 =
k; —6;\

b o () -0
ki — kB; + My(—6:;) =0
—kO; = M\6; — k;

0. Mbi— ki ki — Mb;

T~k h

Finally, substituting into the constraint implies:

hi+ 01 Ag] (ko — daAg | [ k3 + O03Aq | { he + b4
h k k h

] — similar terms = 0

which implies (hy + Ag)(ka + Ag) (ks + Ag)(ha + Ag) — similar terms = 0.
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2.4.3 Unconstrained Maximum Likelihood

The log likelihood under the constraint of additivity or multiplicativity is 3= h;log #; +
> k;log ;. For the unconstrained case we maximize the Lagrangian

L=Y hilogm +_ kilogf+y [Sm — 1] + 92 [> 6 — 1]
The first order conditions are

oL h oL

om0 and G =dm1=0
oL  k; oL
6—91_9—1+'¢2—0 and a—w';—zez—'l—o

These equations imply that #; = h;/h and 6; = k; /k for the unconstrained maximum
likelihood.

Hypothesis tests may be based on —2(log likelihood unconstrained — log likelihood
constrained) which has a x? distribution with one degree of freedom.

While the additive and multiplicative models are non-nested, a comparison of the log
likelihood values provides a basis for a non-nested hypothesis test.

3 Bonferroni Intervals and Monte Carlo Simulations

3.1 Bonferroni Interval

The additive statistic A = RRaep — RR4 — RRp — 1 is composed of three random
variables. A confidence interval for each component may be established using the variance
of the log-odds ratio. Set at appropriate levels these confidence intervals may be combined
using basic results from probability theory. For a 95 percent confidence interval, chose a
significance level such that one third of one half of 5 percent probability is in each tail of
a normal distribution. Then:

.05
prob[—2.39 < N(0,1) € 2.39| =1 - % = 0.98334

Since (log RR — log RR) /o ~* N(0,1) we have
prob[—2.39¢ < log RR — log RR < 2.390] = 0.98334

or
prob[—2.390 + log RR < log RR < 2.390 + log RR] = 0.98334
so that A R
prob[RRe™ %% < RR < RRe*%’| = 0.98334
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Similarly,
Prob[RR 4 pe 2%%RRats < RR < KR pgpe?**RRavn] = 0.98334
and so forth for KR, and ERg. Similarly:

Prob[C/i%? < RRayp < C’,ﬁ‘;‘f] = .98334
Prob[Cf}, < RR4 < Cjyyy] = 98334

Prob[C}, < RRg < CE,,] = 98334

Denoting the intervals within square brackets as A,B, and C we have by the Bonferroni
inequality:
prob[AN BN C] > 1 - (P(A°) + P(B°) + P(C"))

Then
prob[Cios® < RRagp < Cigi? N
~CE, < —RRp<-CE>1-.05=.95 (25)
so that

prob[C{A%E _ Ciigh — Chigh < RRagp — RRy — RRp < Chul —cf, - Ch,) > .95

and
prob[CA%8 _ Chigh—Crgn— 1< ASCREB —CA, —CE,—1]> .95

As noted before these intervals should be rejected in favor of Wald or Likelihood Ratio
tests given the tendency for the intervals to be broad and imprecise.

3.2 Simulation Methods

Consistent estimates of the 7; and 6; are formed using hj/h and k;/k respectively. A
Monte Carlo technique draws a random multinomial devicate with marginal probabilities
m; and 6;. Then the empirical distribution of the statistics M and A are formed using
repeated simulations. The empirical distributions establish confidence intervals centered
around the realized value of the statistic. If these confidence intervals contain zero then
the hypothesis is not rejected.
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4 Synergy Indices

4.1 Rothman’s S Index

Rothman (1976) considers the independently acting agents A and B and a background
affect C. C is assumed to act independently of A and B.

Let Pr denote the probability that disease develops when both A and B are present
in addition to the background C. P, is probability that disease develops if A were to
act in isolation (without background). We define Pp similarly. Pc is the probability of
getting disease from background only. Then

Pr = P[AUBUC]
= P[A]+ P[B] + P[C] - PlJANB] — P[ANC] -

PBNC]+P[ANBNC| (26)
Now under independence we have:
Pr = P[A] + P[B] + P|C] — P[A]P|B] — P[A]P[C] — P[B|P|C] + P[A]|P[B|P[C]

Let Rsg = Pr denote the combined risk.

Let Ry = P[AU C] = P[A] + P[C] — P[A]P[C]
Let Rgp = P|BUC] = P|B| + P[C] - P[B]P[C]
Let Ry = P|[C]

Then under independence:

Rap— Ry = (RA—R0)+(RB—RO)_PAPB(I—PC)(l—PC)

(1- Pe)
(Ra — Ro)(Rp — Rc)
(1~ Ry)

Rothman’s synergy index is defined as the ratio of the left-hand side of this equation to
the right-hand side.

= (Ra—Ro)+(Rp— Ro) — (27)

S = (Ra — Ro)
(Ra = Ro) + (Rp — Ro) + (Fa=piGa=ricl
Under independence, the numerator and denominator will be equal and the synergy index

will equal one. Ignoring the product terms in the denominator which are likely to be
small, Rothman’s index becomes:

_ (Rap — Ro) __ BR4p—1
—(RA_R0)+(RB—R0) RR4+ RRpg — 2

S
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where RRop = RR4p/ Ry etc. When S = 1, we obtain:

RRs,p—1 = RR,+RRp—2 or

RR,p = RR,+ RRgp-—1 (28)

which we recognize as the additive hypothesis.

An alternative expression for Rothman’s S index is

ERRsp

§= ERR,+ ERRp

where ERRsp = RRap — 1 and ERR4 = RR4 — 1 etc. Here ERR denotes excess
relative risk.

4.2 Attributable Proportion

The attributable proportion is defined as the excess relative risk compared to the additive
model divided by the combined relative risk. Formaily,

ERRup ~ (ERR4 + ERRp)

AP = (ERRAB + 1)
_ (Rag/Ro —1) — ((R4/Ro) + (Rp/Ry — 1))
[Rap/Ro — 1 +1]
_ Rap — Ry — (R4 + Rp — 2Ry)
Ryp
_ BRas — (Ra+ Rp — Ry)
Rap
_ RRag — (RRa+RRp — 1) )
RR4p

When the additive model is correct, AP = 0.
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Rothman’s index S and the attributable proportion AP measure departure from
additivity. They do not include the multiplicative hypothesis as a natural alternative.
Therefore we consider an alternative which nests both hypotheses.

4.3 Additive-Multiplicative Measure

Define
[RRays — 1) — [RR4 — 1] — [RRp — 1]
[RR4 — 1][RRp — 1]

RRugyp — RR4 — RRp + 1
(RR4 - 1)(RRz — 1)

(30)

Note that when 4 = 0 the additive hypothesis is true. When v =1 we have:
RR 45 = RR4,— RRgp+1=RR,RRg— RR4,— RRg+1
which implies: RR4¢4p = RR4 - RRp, i.e. the multiplicative hypothesis.

While difficult, a confidence interval may be derived by examining the distribution of
logy. Note that

logy =log A — (log (RR4 — 1) + log (RRp — 1))
where A is the additive statistic. Then

Var(logy) = Var(log A) — Var((log (RR4 — 1)) + Var(log (RRp ~ 1)))
+2cov(log (RR4 — 1),log (RRp — 1)}
—2cov{log A,log (RR4 — 1)]
—2cov[log A,log (RRp — 1)]. (31)

For case-control studies, we have previously derived these components. However, the
utility of the expansion is questionable given that when the additive hypothesis is true,
the log transformation is not defined.

5 Cohort Studies

The cohort method compares the death rates between groups for those exposed to con-
taminant A (with or without exposure to B) and for those not exposed to contaminant
A (with or without exposure to B). For present purposes contaminant A will be smok-
ing while contaminant B will be asbestos. Death rates are calculated and given in the
following 2 x 2 table:
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non-smoking | smoking

asbestos alys a5

non-asbestos | dia | dia

The cohort method follows a group of individuals with some exposure to asbestos.
Death rates are determined over time for this cohort. A sample of individuals from a
non-asbestos exposed population is matched to the exposed population at the aggregate
level (i.e. there is a similar number of individuals of each age group).

Before discussing the derivation of the death rates d}, we note that cohort studies make
each cell of the 2 x 2 table independent by design. This greatly simplifies the hypothesis
testing and determination of confidence intervals. First relative risks are determined as
follows:

RR4 = relative risk of asbestos exposure = d/\*° /dN5

RR;s = relative risk of smoking exposure = d3, ,/dn
RR4s = the relative risk of combined exposure = d5/dy5

The additive hypothesis is stated as:
RR;s — RR4— RRs+1=0

or s NS s
dy  dy dira 1
NS = NS NS
dya dya  dna
or
S _ NS | S NS
dy=dyg° +dys—dnyi
or

A = 05 - o -

Under additivity A* = 0.

The multiplicative hypothesis is stated as:

RRss =RR4-RRs =0

or
d _dNS &,
&5 T
or
45 - &S — S - d§, = 0 (32
or

logdi + logdy5 — logdy® — logd? 4 =0
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or
M* =logd®® + logdy 4 — logd? — logd%i =

We note that the multiplicative statistic is similar to the additive statistic with the
exception that it is stated as a sum of logarithms. This suggests that the two hypotheses
may be nested using a Box-Cox transformation.

It is worth noting that (32) implies

NS NS
dA _ dNA
S = JSs
dA dNA

which states that the columns in the table are proportional to one another. Similarly,
the rows are in proportion if the multiplicative hypothesis is correct. These are common
statements of independence and can be tested via Pearson Chi-squared statistics for
such tables. Finally, given the relationship between contingency tables and the log-linear
model we should expect a direct test of the multiplicative hypothesis from the log-linear
model.

Suppose log (P[Y1, Y2]) = po + 11 Y7 + paYo + p12Y7 - Ya Then

log (P(0,0)) = po

log (P(0,1)) = po + p2

log (P(1,0)) = po + 1

log (P(1,1)) = po + p1 + p2 + pa2

If P(0,0) is estimated by d¥$, P(1,0) by d&S, P(0,1) by d% 4, and P(1,1) by d3 (after
suitable normalization), then the multiplicative hypothesis may be stated as:

M* = (1o + ur) + (po + p2) — (po + 11 + p2 + p2) — (o) = —ph2

Then M* = 0 (the multiplicative hypothesis) if and only if the interaction parameter
t2 = 0 in the log-linear model.
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5.1 Determination of Death Rates

The death rate is defined as the number of deaths per 100,000 person years. This is
typically measured by the number of deaths observed in the cohort divided by the number
of person years multiplied by 100,000.

For example, suppose that a particular cohort has N¥¥ individuals who are non-
smokers but who are exposed to asbestos. Suppose that these N4 individuals are
followed for Y, person years (on average Y5 /NYS years per person). Suppose that
RS of these individuals die during the period of observation. Then

hNS NNS
dVs = [ =4 —4_1.100,000.
v = () () 1o

The stochastic component in the expression is the binomially distributed random
variable A which denotes the number of observed deaths in N4'* trials. Let PYS denote
the true but unobserved probability of dying. Then PYS = hfS/N¥$ is a consistent
estimate of P}'5.

PYS(L- PYS)

Now E(ﬁﬁ’s) = P,’,VS and Var(p,ﬁvs) =

N
Then
. NNSsT2
Var(dl}®) = Var(PY5). [{/ﬁ—s] - 100, 0002
A
When logarithmic transformations are employed we have
. NNS
log dY® = log PY'S + log [vas] + log (100, 000) .
A

Recall that a Taylor’s series expansion shows that log P = log Py + %0(13 — PB) so that

_ 1 P1-PR)_(1-PRy)
PE N PN

Var(log P)

Then

. (1= P9
Var(log (d}%)) = S22
PAVSNAVS

Before proceeding with the formula for the variance of the A* and M* statistics, we
note that replacing PYS by P¥S in the variance formula is valid asymptotically. Some
researchers have noted that it may be more accurate in small samples to use a chi-square
approximation.
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To do this we set x? = F((f_;l,’;)m. Then we set the x? value to a critical level for the
appropriate size test. Let x2? be the critical value. Then

»  (P—=P)
X =Pa-P)/N

so that
P-2PP+P* = ¥*P(1-P)/N
P 2 P2 2
— o 33
X T X (33)
Then ) \
p? (X Pl _op| 4 p2 =
(N+1)+ (N zp)+p 0

is a quadratic equation that may be solved for P. A confidence bound is derived using

the two solutions of the quadratic equation.

Next we derive the variance of the additive and multiplicative statistics for cohort

studies. Recall
A* = (d)¥ —d3) — (dN5 — dia)

For the non-asbestos exposed cohort, the rates d¥5 and dy, are determined from

large samples and are considered non-stochastic. Therefore the variance is determined
from the components d}S and d5 which are stochastic but independent. In this case,

Var(A*) = Var(dS) + Var(d3)
SNS(1 _ DNS NS\ 2
lPA - Py )] (NA ) - (100, 000)? +

N NS YNS
HS S 5\ 2
A(l_PA) N 2
/| | == | -(100,000 34
2o () - ooom o

For the multiplicative statistic,
M* = [(log d}®) — (log d3)] — [(log d}3) — (log d}4)]

so that . .
_ (=P (Q-P)

Var(M*) = —= -
W)= pysgs B

These variances are used to calculate standard errors, confidence intervals, and Wald

tests for the additive and multiplicative hypotheses.
For instance, M*/,/Var(M*) is asymptotically standard normally distributed under

the null hypothesis that M* = 0.




6 Prevalance Studies

Some studies pertain to populations that all have a common exposure level of some
contaminant. For instance in studies of asbestosis it is necessary that all subjects by
definition have the same exposure to asbestos. In such cases the issues of additivity and
multiplicativity are not germane as one can consider the separate effect of each each causal
agent. A similar situation occurs in a cohort setting where a companion population is not
used as a reference group. These situations are nevertheless illuminating in discerning the
relative contribution of a second contaminant as it affects the probability of contracting
or dying from a disease. Another example is the analysis of the prevalence of a disease
attribute (such as pleural plaques) in an exposed population.

A prevalence model may be fitted with a logistic functional form. The outcome vari-
able is usually the presence or absence of a disease characteristic where the explanatory
factors will include control variables and an indicator for the level of contaminant. If
the cohort provides some level of variance in the level of exposure of both contaminants,
then an interactive term can be used as illustrated in the introduction to test for synergy
even if this does not provide a test of additivity or multiplicativity.

7 Conclusion

Case-control, cohort, and prevalence studies provide varying types of information to
determine relative risks and attendant confidence levels. We have considered several
methods for testing additivity and multiplicativity hypotheses using Wald and likelihood
ratio techniques. In these cases we have relied on asymptotic expectation for which the
small sample populations are unknown. Our empirical results are reported in a companion
paper and generally we find agreement in our conclusions regarding the additivity or
multiplicativity hypothesis whether the analysis is conducted using Wald or likelihood
ratio methods.
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